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A Reliable and Efficient Procedure for Oscillator
PPV Computation, With Phase Noise
Macromodeling Applications
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Abstract—The main effort in oscillator phase noise calculation 1
and macromodeling lies in computing a vector function called the fo s
perturbation projection vector (PPV). Current techniques for PPV
calculation use time-domain numerics to generate the system’s
monodromy matrix, followed by full or partial eigenanalysis. We

present superior methods that find the PPV using only a single /\l‘/\

Center Frequency Integrator

linear solution of the oscillator's time- or frequency-domain

steady-state Jacobian matrix. The new methods are better suited o
for implementation in existing tools with harmonic balance or Random phase noise/jitter

shooting capabilities (especially those incorporating “fast” vari- component

ants), and can also be more accurate than explicit eigenanalysis.

A key advantage is that they dispense with the need to select theFig- 1. Simple phase macromodel for oscillator.
correct one eigenfunction from amongst a potentially large set
of choices, an issue that explicit eigencalculation-based methods
have to face. We illustrate the new methods in detail using LC and
ring oscillators.

Indeed, only recently has a rigorous understanding of the
phase noise phenomenon in oscillators been developed [3], [4],
4 ) | 4 eigenfunci , _ despite long-standing interest in the problescentral conclu-

Index  Terms—Eigenvalues and - eigenfunctions, iterative g, ot this new understanding is that the phase noise or jitter can
methods, oscillator noise, phase jitter, phase noise, reduced-order . . .
systems, timing jitter. be capturfed by a smgle scalar constara s_';anst_lcal quant_lty
representing the variance of the per cycle jitter in the oscillator.

In fact, knowledge of: suffices to complete the macromodel in
I. INTRODUCTION Fig. 1.

N IMPORTANT consideration during the design of com- The per cycle jitter: depends not only on the noise generators
munication systems is the phase noise performance iBfthe oscillator, but also on a periodic vector functiorit),
oscillators. Phase noise corrupts spectral purity and generd@g1ed theperturbation projection vectaor PPV. c is given by,
large power content in a continuous spread of frequencied-:
around the desired oscillator tone, thus, contributing to adjacent T
channel interference. In clocked circuits, phase noise manifests . — 1 / ol (7)B(z4(7)) BT (x4 (7)) () dr (1)
itself as timing jitter, which leads to synchronization inaccura- T Jo

cies and eventually degrades system performance and bit e 7 is the period and, the steady-state solution of the un-

rate. erturbed oscillator [4], whil&3 encapsulates the noise contri-

. - . . P
During system and circuit design, the usual procedure is §piqns and bias-dependent noise modulations of the elemental

first estimate the phase noise or jitter of an oscillator, and to U jce noise sources. The PPV can be intuitively thought of as
this phase noise figure in an abstract representation of the @3 sensitivity of the per cycle jitter variance to current pertur-
cillator. For example, it can be useful to represent an oscillaigliong at the nodes of the oscillator. Calculating the PPV is the

ora voltage-_confcrollgd oscillator as depicted in Fig. 1, i.e., ?ﬁ‘imary nontrivial step in finding: (hence in forming an oscil-
a time-domain Simulink, MATLAB, or AHDL model that pro- lator phase noise macromodel).

duces as output a phase that contains a random component rep; prior work [4], we presented a PPV calculation technique

resenting phase noisel/jitter. The center frequency can be foqﬂgt we will term themonodromy matrix method his method
easily from a steady-state solution of the oscillator. Charaa%‘fﬁmputes the state-transition (atonodromy matrix of the
ization of the random phase noise or jitter component is Mofgearized oscillator's adjoint differential equations by reverse
involved, and a simple, reliable, easy-to-implement procedyffe_gomain numerical integration. Eigendecomposition of
has been lacking. the monodromy matrix to find the eigenpair of the oscillatory
mode yields the PPV.
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The monodromy matrix method, when carefully imple- If perfect numerics and no discretization errors were pos-
mented, constitutes a significant advance over previosible, the proposed procedure as well as the monodromy matrix
techniques for phase noise modeling in that it is based onmeethod would calculate the exact PPV, because eigenanalysis
rigorous foundation that is uniformly applicable to any kindnh the monodromy matrix method would identify the oscilla-
of oscillator. Its widespread adoption has, however, be#ory-mode eigenvalue of exactly one uniquely. In the presence
hampered by two practical disadvantages. The first concewfsdiscretization and finite—precision arithmetic, however, the
locating the eigenpair of the oscillatory mode. Inaccuraci@sonodromy matrix method is no longer able to identify the
that are inevitable in any numerical procedure, and particuladgcillatory eigenmode uniquely; it must therefore select from
in time-domain integration, often corrupt the oscillatory-modamong a number of potential eigenvalue choices. One way to
eigenvalue of 1 to the extent that it cannot be distinguishedake this choice is to investigate which eigenvector is “nearest”
from other eigenvalues of the system that are close to 1. Thigasorthonormality with the tangent to the steady-state solution.
particularly true for many LC oscillators. In such situations, Blowever, in general there is no guarantee that any of the
potentially large number of candidate PPVs are typically fourmhndidate eigenvectors will be appreciably more orthonormal
and one chosen using heuristics, a process that is inconventbah the others, leading to a potential breakdown of the mon-
and not entirely reliable. odromy matrix method. In contrast, the new procedure, based

Further, the monodromy matrix technique is inherently @n a linear matrix solution, remains well-defined and consti-
time-domain procedure, requiring as it does the implementatituies an unambiguous procedure to determine the PPV. The
of reverse time-domain integration of an adjoint system definedcuracy of this procedure degrades in the same manner, and
by a series of linearized oscillator matrices. Implementatidar the same causes, as that of the underlying steady-state
of these operations in frequency-domain simulators based @ymputation. In this context, the ambiguity of the monodromy
harmonic balance (HB) can be very inconvenient. Reversgtrix procedure can be thought of as stemming from its not
integration is often unavailable even in existing time-domaimaking full use of underlying structure in the PPV problem.
simulators and may require significant changes to core simula-Proof of correctness of the new methods relies on a link, es-
tion routines. tablished in Section Il, between the PPV and the null space of the

In this paper, we provide new computational procedures foscillator’s frequency- and time-domain steady-state Jacobians.
the PPV that alleviate both these disadvantages. The keylndSection Ill, we apply the new methods to two LC oscillators
the techniques is that they do not form the monodromy matritncluding an example from industry) and a ring oscillator.
Instead, they reuse the frequency- or time-domain Jacobian
matrices of the oscillator that are formed during steady-statd. RELATIONSHIP OF THEPPV v; () TO THE OSCILLATOR’'S
computation. A single linear equation solution with the Jacobian STEADY-STATE JACOBIAN
matrix suffices to find the PPV unambiguously. This is possible
because the new methods locate the correct PPV directlyI
embedding exact periodicity and an orthonormality condition
implicitly into the one-step calculation. oq(z) .

No eigencalculation is involved, and even for very large sys- ot +f(z) =0. @
tems, the linear solution can be performed efficiently using fast

X ) We assume that this system has a known periodic solution
methods for steady-state calculation (€.9., [2], [7], and[9)). T:é(t). The linearization of (2) around the solutiegn(¢) is (e.g.,

We consider an orbitally stable oscillator with a single oscil-
tion mode, described by the DAE system

methods are easy to implement in existing simulators, sin|

they require only an extra linear solution of the same Jaco- and[4])
bian matrix that is generated and solved at each Newton step d
of the steady-state calculation, whether by HB or time-domain 7 (C@y(@) + G(B)y(t) = 0. ®)

methods like shooting. This computation is negligible compared . .
to that for obtaining the steady state. Note that variants of tEeC(t) andG(t) are per|od_|c mqtnces. The r.ankof C(t) can
monodromy matrix method, which use iterative techniques f F less than the system sizem is assumed independentiof .
eigencalculations, can achieve similarly low computation; how- Itcan be ShO_W_” (e, [_3]) that, under reasonable assumptions,
ever, in addition to the implementation complexity of reversttt,-1e state-transition matrix
integration, iterative eigencalculations can further increase a@(t_ s) = U@)D(t — s)VT(5)0(s)
biguity in the selection of the oscillatory-mode eigenvalue. ' ) vt ' ot
The new techniques inherit the accuracy properties of the with D(t) = diag(e"”, ..., e, 0, ..., 0) (4)
underlying steady-state method used to generate the Jacobian k=n—m
matrices. In particular, the frequency-domain version fully exc. ;e (3)U(t) and V(t) are periodic matrices of full rank
ploits the inherent matrix conditioning and accuracy advantage

of HB. Time-domain numerical integration errors that lead R isfying the biorthogonality condition

ambiguous eigenvalues in the monodromy matrix method do T I, O

not create any similar problem for the new methods, due to VE@)O@U(t) = I, = ( 0 0 ) : )

the orthogonality condition that is implicitly embedded. Even k

though accuracies in time-domain computations are typically 1, ..., 1, are the Floguet eigenvalues. Since the system

lower than in frequency-domain ones, the results are usuatigs an oscillatory mode, one of these is zero,;say- 0. The
more than adequate in the context of the circuit or applicatiofrloquet eigenvectors corresponding to this mode are the first
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columns ofU (¢) andV (t), denoted by, (t) andv,(¢), respec-  Definition I1.3: Given any matrix or vectod(t), define the
tively. It can be shown that,(¢) can be taken equal t8;(¢) block-Toeplitz matrix of its Fourier components to be
without loss of generality [3] and computed easily from the
known large-signal periodic solution. Our goal is to calculate : : : : :
the other oscillatory-mode Floquet eigenvectq(t). o Ay AL Ay As Ay
It can be easily verified that the adjoint of (3), defined by
Ay Ay A1 Ay A

d

T (t) 5 w(t) = GT (t)y(t) = 0 6 Taw= | A Ao A A A
A_3 A_Q A_l AO Al
has the state-transition matrix o A, As Ao, A, A
U(t, s) = V()D(s — UL (s)CT(s) @) : : : : 12)
which satisfies (6). Lemma I1.3: If X(¢) andY () are T-periodic vectors or
Before proceeding to connections with steady-state matricB¥atrices, andz(t) = X ()Y (¢), then
we establish the following two results (proofs are given in the oo oo
Appendixes | and II): Vz) = Tx@) Vy ) (13)
Lemma Il.1:
Tz =Txw)Tye- (14)

ua(t) = U(t)eq satisfies (3) Lemma I.4: If X(t) is aT-periodic vector or matrix, then

v1(t) =V (t)ey satisfies (6) (8) . oo
. o . Vi = 2 Vxe (15)
wheree; is the first unit vector, corresponding tq = 0. ‘ '
Lemma I1.2: Tiwy = QTxw — Txw Q (16)
M = [VT()C@) - VI (G| UM I where
=1 [VT(t)C(t) - vT(t>G(t>] U(t)
21,
where M = diag(p1, -« fbm, 0, ..., 0).  (9) I
Fftl) = jwo 0

A. Frequency-Domain Computations

Frequency-domain computations are natural for many appli- .
cations, e.g., mildly nonlinear RF system components. We cast ' 17)

and apply (9) using frequency-domain quantities to establish &ye are now in a position to use the above definitions and

connection with HB. _ _ _lemmas. Applying (13) and (15) to (3), we obtain the linearized
We first develop some useful algebra involving ToeplltﬁB equations

matrices of Fourier components.
Definition 11.1: Given anyI'-periodic vector or matrixi(¢), FD o
we denote its Fourier components Ry, i.e., [Q Tow + TG(”} Vi = 0- (18)

4

27 g
A(t) = Z Ajediwot wo = (10) J

Next, we state an important intermediate result:

Definition I.2: Given any vector or matrixi(¢), define the Lemma II.5:
block vector of its Fourier components to be (TVT N Ty + [TM B B’D T, =0 (19)
and
. HB FD
Ay Ty, (—I]—VT J Ty + |:—|]—M — Q]) =0. (20)
Ay We concentrate on a single row of (20) by premultiplying
FD T
Vapy = | 4o |- (11) by F\Zl , Wheree; is a unit vector (of sizen + k) chosen to
A4 correspond to the oscillatory mode;(= 0) of the system.
A Theorem I1.1:
—2
FDT

V,, Tyr J =0. (21)
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Remark 11.1: From (21), we observe tha’[VT \/e1 [i.e., the This indicates that the main issue in calculatingt) by (25)
vector of Fourier components 0{( )] is in the null space of is the accurate formation of, and solution with, the augmented

HB matrix—a task that has already been accomplished during
steady-state solutioh.
Direct approaches to calculating(t), based on finding the
1-eigenpair of the system’s state-transition or monodromy ma-
~ Hjj ’ ~-1 A b trix, do not exploit the accuracy of the steady-state calculation
J = , with J = ( ) (22) tothe same extentas (25). In the absence of a periodicity condi-
(qT 7“) Ird tion, transient integration errors can accumulate in computing
the monodromy matrix, causing the oscillatory eigenvalue to
wherep, ¢, b andl are column vectors, andandd scalars. become numerically indistinguishable from other eigenvalues
'] is the HB matrix augmented with a row and column, whicklose to 1. Hence, several eigenvectors corresponding to mul-
are chosen to make it nonsingular. The following theorem estdlple eigenvalues close to 1 often need to be found, followed
lishes a simple means of computing the last row of its inversdy subsequent selection of using the criterion of orthogo-
nality with C'(¢)#,(t). This orthogonality criterion is effectively
embedded into (25), due to augmentation withas a result,
oo T calculation of multiple eigenvectors and subsequent selection is
7= =V, Tyr. (23) eliminated.

JL 5, and thatJ is singular.
Next, consider the augmented HB matrix
Definition Il.4—Augmented HB Matrix for Oscillators:

Theorem 11.2: If p = Tchvvel ande is nonsingular, then

Remark 11.2:p = TeTy Ve, is the vector of the Fourier B. Time-Domain Computations
coefficients ofC(t)z4(t), i.e.,p = \/C(t)zs(t) Time-domain computations are useful for systems with
strong nonlinearities, such as ring oscillators. We first establish
) .~ D some notation.
Fourier components afy (¢), i.€.,1 = Vu, (1)- Definition 11.5: Denote by{to, ..., tx_1} a set of N or-
Corollary 11.1: From (22),l is the solution of the system  jered sample points of the interjal 7).
Definition 11.6: Given anyT'-periodic vector or matrixi(t),

Remark 11.3: ] = T‘T,TF\Z] is the conjugated vector of the

~T .
Yo d =10, 0, " (24) define
- FD A(to)
hence/ = V,, ) [i.e., the Fourier coefficients af; (¢)] is the B A(ty)
solution of X}’A(t) - ) (26)
we -p T :
J [zT,d} —[.,0,...,0,...,1".  (25) Aty 1)

> Definition 11.7: Given anyI’-periodic matrix or vector(t),
Remark II.4: The augmented HB matrix J, with define the block- diagonal matrix of its samples to be

p = TcTy \/Rl, arises naturally as the Jacobian matrix
of the oscillator’s steady-state equations augmented by a phase A(to)
condition, with the frequency of oscillation as an additional D _ A(t1) 7
unknown. Hence, from (25), the Fourier coefficientsuoft) Al = : 27)
can be obtained from a single solution of the Hermitian of Altn_1)
the augmented HB Jacobian of the oscillator, with right-hand
side equal to a unit vector with value 1 in the phase conditionLemma I1.6: If X (¢) and Y (¢) are T-periodic vectors or
equation. By exploiting circulant approximations to and matrices, andz(t) = X (t)Y (t), then
applying iterative linear methods to solve (24), this computation

becomes approximately linear in the system §ize. _ _ T\]/Dz(t) = [DX(t)T\]/Dy(t) (28)
We note that the accuracy of the calculation (25) is domi-

nated primarily by the smallest of the nonoscillatory eigenvalues Dz =Dx Dy - (29)

e, - .., -3 ForhighQ oscillators, some of these eigenvalues

can be very close to zero themselves. Since finding the steady- Proof: Follows directly from definition of\/ andD. =
state solution of the oscillator is itself dependent on accurateLemma I.7: If X (t) is aT-periodic vector or matrix, then
solutions with the augmented HB matrix, it is to be expected

. . . TD TD
thatw, (¢) will also be found to a similarly acceptable accuracy. \/X(t) = Q Vxq (30)

3Theu; = 0 eigenvalue of the nonaugmented HB Jacobian is shifted to a*Note that all matrix computations are performed not with infinite matrices,
nonzero value by the augmentation, resulting in a nonsingular augmented biB with finite-dimensional circulanapproximations that arise naturally in fast
Jacobian. HB algorithms. See, e.g., [8] for details.
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TD
where() is a time-domain matrix that approximates differenti-
ation, corresponding to a linear multistep formula. For example

Tﬁ for the Backward Euler method is

TD

QBE =
(T —tx_1)1, -t
(tl - fO)In
(tn—1 —tn—2)]n
I, _1,
-1, I,
-1, I,

Proof. Follows directly from the definitions oTﬁl/3 ande])3
and linear multistep formulas for differentiation. [ |
We now establish the time-domain analog of (21)
Theorem I1.3:

[Q Do + DG(t)} V) =0 31)
e
Jr
TD TD
[DCT(t) Q _DGT(t)] Vo, (1) =0. (32)

~~
TD
Jr

TD
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0.3 ;

o o
SN

o

, capacitor voltage at node 1

time x 10—6

Fig. 2. Oscillator steady-state: voltage at capacitor.

I1l. EVALUATION OF THE NEW TECHNIQUE

In this section, we apply the time- and frequency-domain
methods presented above to three oscillators. The firstis an LC
oscillator from Motorola. The remaining two examples (another
LC oscillator and a three-stage ring oscillator) are provided with
full details of the differential equations, to facilitate reproduc-
tion and verification of our results.

A. 160-kHz Motorola LC Oscillator

To evaluate the new method, it was compared against the es-

Jf and J, are the forward and reverse time—domain Jacobiablished method that uses monodromy matrix eigendecompo-
matrices, respectively. Next, consider the augmented Jacobisition. The steady-state of a tank—circuit-based oscillator was

Definition 11.8:
(33)

~ TD

TD

(9P
gt T

. TD .
wherep andq are column vectors andis a scalar.J,. is the

computed using HB witln. = 31 harmonics, resulting itV =
63 distinct frequency components. The frequency of oscilla-
tion fy was 159 154.853 364 298 Hz. The time-domain voltage
waveform at the tank capacitor is shown in Fig. 2.

The PPV, (t) was first determined through the time-domain
monodromy matrix by computing its 1-eigenpair using itera-
tive linear methods followed by manual selection from among

reverse time-domain Jacobian matrix augmented with a row af@didate eigenpairs. The eigenvector thus obtained was then

column, chosen to make it nonsingular.

used as an initial condition for a transient simulation of the ad-

Solving the following augmented Jacobian system results dfint system, using a time—step corresponding to an oversam-

rectly in the PPV, ()
™ )

Theorem I1.4:If ¢ = \/(C(t)m(t)) = DDy \/E,1 and J, is

nonsingular,
5()=(3)
L,UT -
Y N

has solution: = vm(t): y=0.

(34)

pling factor of 4 (i.e.4.N timepoints) to limit accuracy loss from
linear multistep formulae for DAE solution. The result of this
transient simulation, after normalization, is the conventionally
computed PPV. We refer to as,,,(t).

The new method described above simply computes the
system (25) directly from the oscillator's HB Jacobian, with
a single iterative linear solve. No oversampling is used by the
method. The PPV obtained in this manner is denoted, bit).

Fig. 3 depicts the components of,(¢) (solid red line)

As in the frequency-domain case, the equation system (3#)d v1,,,(¢t) (black x marks) corresponding to the capacitor
can be solved efficiently with iterative methods, as a final stapde. It can be seen that the PPV waveforms produced by
after solving the time-domain steady-state equations of ttlee two methods are visually indistinguishable from each

system.

other. A more critical assessment of the two methods can be
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VC PPV component of 900MHz Q=4 LC oscillator via HB
60 T T T T
./" h

40t / A J
. \
5 201 /
5 /
5 /
g /
;’ of /'
&
§ \ —— PPV via Ax=b
E—ZO- \ - PPV via eig i
2 \

\
—40F \ /
\
\\k }/
6% 0z 0 o8 ) 1 1.2
time; frequency is 9.18798e+08 x10°
Fig. 3. Capacitor node of PPMs; andvi,,. Fig. 5. v(t) PPV component via HB, 900 MHz oscillator.
107 : : : In the above equationd,, C, and R correspond to the induc-
L i tance, capacitance, and resistance di@Rtank circuit.S and

G, capture essential parameters of the negative-resistance non-
linearity that enables oscillation®S corresponds roughly to
6 | | the power—supply rail voltage, whilg,, is the maximum (neg-
ative) conductance of the negative-resistance circuit. The circuit
exhibits autonomous oscillations whett7,, > 1/R.

The circuit was simulated with the following parameters:

error

10 ¢ \ L=2nH
C =15pF
R=3Q
1
107° 1 S=4
0 1 > 3 4 5 6 G, =10 (36)
time x10°° R

These correspond to a natural frequency of about 918 MKz, a
Fig. 4. Errors in the PPV obtained using the monodromy and new method%f about 4, a voltage swing of about 1 V, and relatively “linear”

oscillation. These values are typical for on-chip RF oscillators
made using the fact that! (¢)v1(¢) = 1.5 We plot the error with integrated spiral inductors.
€a(t) = [uf (t)v1a(t) — 1| versuse, (t) = |uf (t)vim(t) — 1 The steady-state and the PPV of the oscillator were obtained
in Fig. 4. The solid line indicates,(t), the error of the new independently using both HB and time-domain computations
method, while thex marks indicate,,, (). The new method is (i.e., the techniques described in Sections II-A and 1I-B) and
about two orders of magnitude more accurate than monodroggmpared, as described below. HB computations were carried
matrix eigendecomposition, despite the dversampling used out using 30 positive harmonic components for the steady-state,

by the latter method. i.e., a total of 61 harmonic components including DC. The
PPV waveforms were computed efficiently using the new

B. 900 MHz,Q = 4 tanh-Based LC Oscillator technigue, and compared with full eigendecomposition of the
The new techniques were also applied td &oscillator de- 7@NSPosed (nonaugmented) HB matrix [refer to (21)]. The
scribed by the following differential equations: results are shown in Figs. 5 and 6 (the time-domain waveforms

shown were obtained by post-processing results from the

d v(t) . n frequency-domain). The results from linear solution can be
¢ v(t) = T T i(t) + 5 tanh (? v(t>> seen to be identical to those from explicit eigendecomposition.
Furthermore, it can be seen from Fig. 6 that the result is
L a i(t) = —v(t). (35) accurate almost to machine precision.
dt Next, time-domain computations (based on FDTD using
FD5See, e.g., [5]. Note that,(¢) defined in (8) is identical top(t) = trapezoidal integration) were carried out. In order to make a

Ve (1) fair comparison with HB, 61 equally spaced timepoints were
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Plot of (1 — PPV(t) dot C uD(t)) for 900MHz Q=4 LC oscillator via HB

T T T T T

0.6

|

Mv\/\] |V

steady-state of 3-stage ring oscillator (via HB)

\al
— V2
— V3

_ I
§,1o oL \ \ 4 g’ or
| —
l' |
\ -0.2f
o
1077 H J
| -0.4f
o . . , . . 08 : L . " — ;
0 02 cMtim(-); frequenc(;?s S!.187§)Be+080 N ! X 1019;2 time; the frequency is 153.498Hz x107
Fig. 6. Error in PPV orthogonality condition (HB), 900 MHz oscillator. Fig. 7. Steady-state waveform via HB, ring oscillator.
. . . V1 PPV f 3 i ill ia HB
used. There were small differences in the solutions compar 2o : [ PPV componentof3-+tage o osclaer v —
. . . . . — via Ax=|
to those from HB above, including in the oscillation frequenc
200 " B
(918.798 MHz versus 917.986 MHz). The results from FDTL . \
were less accurate (though still perfectly acceptable) thi s yd \ 8
from HB. The reason for this is that the HB equations ar . \
. . T 100 o \ 1
exact for the fundamental Fourier component, the dominaz ~ \
mode of operation for this circuit; in particular, numericalg sot /S \ .
differention in HB is exact. Any time-domain method base(& . / \

. . . . . . . ° { \ b
on linear multistep integration formulae, in contrast, inevitabl'z / \
approximates the differention operation. § 50 / 1

' s \
€
C. Three-Stage Ring Oscillator i /
‘/
The proposed methods were also used to analyze a three-r -'%° \\ 7
oscillator described by the following differential equations: U _
d tanh(G t K . . . . .
C—uvi(t)=v — M 20, 1 2 3 4 5 6 7
dt R time; frequency is 153.498 X107
C % U2(t) =y — w Fig. 8. v, PPV component via HB (time-domain), ring oscillator.
d tanh(Gm V2 (t)) Plot of (1 - PPV(t) dot G u(t)) for 3-stage ring oscillator via HB
C—u3(t) =vg — ————*~. (37) 107 ; ; ; :
dt R

The circuit was simulated with the following parameters:

C=2uF R=1kQ G,, =-5. (38)
These parameters resultin an oscillation frequency of about 1
Hz and a peak-to-peak swing of about 1.2 V.

HB computations were carried out using 30 positive harmon &
components for the steady-state, i.e., a total of 61 harmor§
components including dc. The results are shown in Figs. 7-
All time-domain waveforms were obtained by post-processin
results from the frequency-domain. The results from linear si
lution can be seen to be identical to those from explicit eigend
composition. The PPV orthogonality error is quite low at abot
—140 dB (Fig. 9).

m 1)

10° |

Time-domain computations (based on FDTD using trap¢ %
zoidal integration) were carried out with 61 equally-spaced
timepoints. As with the_C oscillator above, the results are nofig. 9.

o
~

1 2 3 4 5
time; frequency is 153.498

Orthogonality error in PPV via HB, ring oscillator.
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lot of (1 ot C u,(t)) for 3-sta e ring oscillator via FDTD
- ‘ Plot of (1 IPPV(t)dtC‘ (t)) for 3 t|g g t where
/
I,
FD i
107} _ Q= Jwo 0 . (45)
_In
g —21,
ol | Proof: Using
X(t) = Z jinXiejWOit
(15) and (16) may be verified directly. [ |
Lemma 11.6: If X (¢) andY (¢) are T-periodic vectors or
% i 2 3 s 5 6 7 matrices, andZ(t) = X ()Y (t), then
time; frequency is 153.298 x107 D D
. . . . o Vz@) =Dx@) Vy (46)
Fig. 10. Orthogonality error in PPV via FDTD, ring oscillator.
Dz =Dx @)Dy (- (47)

exactly identical to those from HB. In particular, the orthog-  Proof: Follows directly from definition ofT\? andD. m=m
onality condition error (shown in Fig. 10) at aboutd0 dB Lemma l.7: If X (t) is aT-periodic vector or matrix, then
is considerably worse than that using HB computations. This D

error may be acceptable in many situations; when it is not (and Viw = 2 Vxa (48)

HB solution is not feasible), more timepoints and higher ordgfhere () is a time-domain matrix that approximates differenti-
integration formulas can be used for greater accuracy. ation, corresponding to a linear multistep formula. For example,

T(? for the Backward Euler method is
APPENDIX | ™D

TD TD

MATRIX NOTATION FOR JACOBIANS B = 1
o (T —tn_1) I,
Lemma 11.3: If X(¢) andY(¢) are T-periodic vectors or (ty — to) ]
matrices, andZ(t) = X (t)Y(t), then
FD FD (thl _tN72> In
Vziy = Tx) Vv (39) I I,
Tz =Txy Ty - (40) -1, I,
Proof: From definition, N
-1, I,
. . . TD TD
Z Zediwot — Z X, Yed (k+Dwot Proof: Follows directly from the definitions of/ and
g 1 and linear multistep formulas for differentiation. |
=>Z;= Z Xi1Y1. (41) APPENDIX Il
l PROOFS OFTHEOREMS AND LEMMAS
Equation (13) follows directly. Lemma I1.1:
Next, we rewrite (41) as uy(t) = U(t)e, satisfies (3)
v1(t) =V (t)e; satisfies (6) (49)
Zivk = Z Xicq-nYi = Z XicvYrgr.  (42)
l

wheree; is the first unit vector, corresponding tq = 0.
Proof: By definition of the state-transition matrix,
Equation (42) yields thith block—column off ;(,), hence, (14) ®(%, s)u1(s) satisfies (3) with initial condition, (s) att = s.

U'=l—k

follows. m Now,
Lemma Il.4: If X (t) is aT-periodic vector or matrix, then O(t, s)ui(s) = Ut)D(t — s)VT(s)C(s)U(s)er
FD FD FD = U(t)D(t - S)Imel - U(t)D(t — 8)61
Vi = 8 Vo “ = U (1) ey = uy (1),

FD FD

Ty =2Txe — Txe Q (44) The proof forv; (t) proceeds similarly, using (¢, s) and (6)m



196

Lemma Il.2:

M = [VT(t)C(t) - vT(t)G(t)] U(t)In

=1, [VT(t)C(t) - vT(t)G(t)} U(t)

where M = diag(p1, -+ -y fom, 0, ..., 0).  (50)

Proof:
C(t)®(t, s) = C(H)U(t)D(t — s)VT(5)C(s) [from (4)]
= VI()O(t)®(t, s) = I, D(t — s)VT(s)C(s) [using (5)]

= L VT @00 9)] = LMD - )V (5)0(s).

Also,
d t
ZVimewe, »)
=VT(®)C)D(t, s)+ VT (1) % [C(t)D(t, 5)]
=VT(1)C1)d(t, s) = VT (1)G(t)®(t, 5) [using (3)}
Hence,

L, MD(t — s)VT(5)C(s)
= [VTmew - vimew)| e, s)
= [VT(t)C(t) - VT(t)G(t)] U(t)D(t — s)VT(5)C(s).
Postmultiplying byU (s) and applying (5), we obtain

L. MD(t — s)I,
= [V () = VIOGW] UODE - $) .

Settings = t and using the diagonal properties bf and
D(-), we obtain

M= [VT(t)C(t) - VT(t)G(t)] U(t) I
From the definition ofl (¢, s), we have

%\p(m s) = [V(t) - V(t)M] D(s — H)UT(s)OT(s).

Using (6), we obtain
{e"w [V -vm] -cTmvn}
-D(s —t)UT(5)CT(s) =0
= C(s)U(s)D(s — 1)
: {[VT(t) - MVT(t)} o) - VT(t)G(t)} —0.
Premultiplying byV 7 (s) and settings = ¢, we obtain
I { [VT(t) - MVT(t)] o(t) — VT(t)G(t)} =0.
Postmultiplying byU (¢), we have
I [VT(t)C(t)U(t) - VT(t)G(t)U(t)] — I,,MI,, = M.
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Lemma I.5:
HB FD
(TVT JTov + [TM — QD Tr, =0 (51)
and
HB FD
Tr, (TVT JTy+ [TM - Q]) =0. (52)
Proof:. We first note that, from (14) and (5),
—|]—VT—|]—C—|I—U = —u—jm. (53)

Applying (14) and (16) to (9), we obtain

FD

T = [(FS]ZJ Tyr = Tyr Q) To - TV”‘—H—G} TyTy,

= [ ~Ty» ¥ Ty] T4, [using (53) and (18)]

Similarly,
FD HB
Ty =Ty, [Q —Tyr J TU} .

From the diagonal structure df/ and I,,, we haveT,, =
TaTr, = Tz, Tar, and the assertions follow. [
Theorem I1.1:

FDT

V,, Tyr J =0. (54)

Proof: Premultiplying (20) by TeTl and noting that
FDT FD

V., Tz, = V., ,we have

FD T HB

FDT FD 1
V., Tor'd =V, [Q _TM] T
L. FD i o T wp
From the definition ot and using:; = 0, we havev, O =0
T
andF\]/Je1 Tar = 0, proving the result. ]

Theorem I1.2: If p = TCTUF\?E] ande is nonsingular, then

FI)T

7= V, Tyr. (55)
Proof: From (22) ang = TTCTTUF\]/DS1 , we have
HB FD
JA+TTyvV, P =1
HB FD
= —H_VT J A+ —II—VT—H_CTU Ve, T = TVT
HB FD T
= —I]—‘/’I‘ J A + \/ell - —I]—‘/'I‘
FDT HB FDTFD T FDT
:> \/61 —ﬂ—VT J A + \/61 \/ell = \/81 —l]—VT
T rp T A
= 1" =V, Tyr [using (21)].
[ |
Theorem I1.3:
TD TD
[Q Doy + DG(t)} Vu, 1) =0 (56)
T
J s
TD TD
[DCTu) Q —Dcw)} Vo, (1) = 0. (67

~ /
-~

TD
Jr
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Proof: The results follow from applying (28) and (30) to [7] M. Résch and K. J. Antreich, “Schnell stationare simulation nichtlin-
(3) and (6) and using (8). u earer schaltungen im frequenzbereiohrthiv Elektronik Ubertragung-
b . find stechnikvol. 46, no. 3, pp. 168-176, 1992.
Theorem I1.4: If ¢ = V(C(t)u () = DcDy Ve, and J,. is [8] J. Roychowdhury, D. Long, and P. Feldmann, “Cyclostationary noise
] lar analysis of large RF circuits with multitone excitationdE5EE J. Solid-
nonsinguiar, State Circuitsvol. 33, pp. 324-336, Mar. 1998.
_ [9] R. Telichevesky, K. Kundert, and J. White, “Efficient steady-state anal-
™ [ 0 ysis based on matrix-free Krylov subspace methods,Pioc. IEEE
Jr y) =N (58) DAC, 1995, pp. 480-484.

i TD
has solutionz = V., (1), y = 0.

Alper Demir (S'93-M’96) received the B.S. degree
in electrical engineering from Bilkent University,
Turkey, in 1991, and the M.S. and Ph.D. degrees in
electrical engineering and computer sciences from

Proof: BecauseTjr is nonsingular, (34) has a unique so
TD
lution. We show that = V,, (), y = 0 satisfies (34). We have

TD the University of California, Berkeley in 1994 and
Jrz +py =0 1997, respectively.

T From May 1992 to January 1997, he worked as a
g r+ry=N. Research and Teaching Assistant in the Electronics

Research Laboratory and the Electrical Engineering
TD . . . _— and Computer Sciences at the University of
From (32), J,.z = 0, hence the first equation is satisfied. Ap California, pBerkeIey. He was with Motorola tﬁrl,c_,
plying (28) to the transpose of (5), we have Summer 1995, and with Cadence Design Systems, Summer 1996. He joined
the Research Division of Bell Laboratories, Lucent Technologies as a member
TD TD of the technical staff in January 1997, where he has spent four years. He was
DyrDer Vv = Vi, - with CelLight, a start-up in optical communications, from November 2000 to
February 2002, where he was the Manager for Optical Telecommunications
TD TD . . R .
Sincex = V., ) = \/V(t)ely we have Systems Design. He is now an Asgstant Profe'ssor'ln the Department of
B Electrical and Computer Engineering, Koc¢ University, Istanbul, Turkey.

T His research work is on the fundamental theory and algorithms for design
TD

TD . . . . . . .
T, analysis, verification and design automation of electronic and opto-electronic
T = DyrD e . . A X ; ; ;
1 Ve, DyrBer Vver discrete/integrated circuits and systems, with emphasis on analog/mixed-signal
N N circuits, electromagnetic, wave propagation, nonlinear, time-varying, and noise
=V, Vi, e1 =V, Ve, =N. phenomena in RF/wireless/high-speed/optical communications. The work
1 m 1

he has done at Bell Labs and CeLight is the subject of eight patents. He has

Hence, the second equation is also satisfied, and the resu@gi%‘gﬂonﬁhm&ggg? in the areas of nonlinear noise analysis and analog

proved. L Dr. Demir received the Regents Fellowship from the University of California,
Berkeley, in 1991, and was selected to be an Honorary Fellow of the Scientific
and Technical Research Council of Turkey (TUEBK).
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