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Analyzing Oscillators Using Multitime PDEs

Onuttom Narayan and Jaijeet Roychowdhury

Abstract—Oscillators are often difficult to analyze or simulate, are embedded within the framework of multiple time scale anal-
because they generate waveforms that can span a range of widelyysis of dynamical systems. This achieves a symbolic separation
separated time scales. We present a general oscillator formulation of the (typically slow) rates of FM and amplitude modulation
that separates slow and fast dynamics without approximations, (AM) from the (much faster) nominal oscillation rate. The re-

and captures amplitude and frequency modulation in a natural . L . . . . .
and compact manner. To handle frequency-modulation effectively, sulting formulation is a multi-time partial-differential equation

we make use of a novel conceptyarped time within a multitime = i warped anq l_anarped _time S_Ca|€‘S, together with a mapping

partial differential equation framework. The equations incor- between multi-time and single-time functions. We dub this the

porate an explicit time-varying frequency variable that matches WarpedMPDE (WaMPDE).

intuitive notions of changing frequency in a frequency-modulated  The WaMPDE can be directly applied to oscillators for which

signal. The formulation is useful for both hand analysis and ;516 closed-form equations are available (e.g., the neoclas-

numerical simulation. . . . ) ;

sical equations for lasers [4]) in order to obtain useful qualita-

Index Terms—Frequency modulation (FM), multitime partial  tive and quantitative results. It can also be used to derive effi-

differential equation (MPDE). cient numerical methods for simulating oscillators described by
large or complicated equation systems, that are not amenable to
I. INTRODUCTION hand analysis. This is possible because the equivalence between

o . the WaMPDE and the original dynamical equations of the oscil-
O SCILLATORS are ubiquitous in nature and can be founghor does not rely on approximations. Numerical computations
J in a variety of physical systems. They are important ifjsing the WaMPDE can be performed using time-domain or
engineering and communications; for example, voltage-Coflaquency-domain methods, or combinations. In particular, ex-
trolled oscillators (VCOs), phase-locked loops (PLLS), lasergting codes for the MPDE, or steady-state simulation methods
etc., abound in wireless and optical systems. When driven (s shooting or harmonic balance, can be modified easily to
forced) by external signals, oscillators can exhibit compl&yerform WaMPDE-based calculations. If iterative linear-equa-
dynamics, such as frequency modulation (FM), entrainmef¥, solvers (e.g., [5]-[8]) are used for underlying computations,
or injection locking, period multiplication and chaos. Desplt%rge dynamical systems can be simulated efficiently.
their universality, understanding of such systems is far from vost previous works on oscillators start from single-time
complete, and it is often difficult to analyze or predict th§jifferential equation descriptions. Works geared toward prac-
response of a general autonomous system in a satisfactory g0l oscillator design typically linearize the oscillator equations
reliable manner. _ (e.g.,[9]-[12)). This is a very approximate approach that cannot
In this paper, we present a new approach for analyzing figredict important qualitative properties of oscillators (such as
quency and amplitude modulation in oscillators. The approaghpjitude stability, since nonlinearity is essential for orbitally
is a generalization of a recent multiple-time scale analytical foggaple limit cycles [13]). Nevertheless, linearization does
mulation, the multitime partial differential equation (MPDE),q\ide useful partial insights into oscillator operation, such
[1], [2] for nonoscillatory dynamical systems. The MPDE is n04s the well-known Barkhausen oscillation criterion. Nonlinear
weII. sm.ted' to analyzing FM, particularly FM ywth h'|gh mOd'anaIyzes (e.g., [14]-[16], [13], [17]) have largely been of
ulation indices—a phenomenon that occurs in oscillatory Sysscillators with simple closed-form differential equations, such
tems and is often used in applications. In this paper, we dynagx the van der Pol equation [18]. Many studies (see, e.g., [19],
ically rescale (*warp”) the time axis to make the undulations 95q]) have focused on chaos and subharmonic generation in
the FM signal uniform, therefore easy to represent compacimple nonlinear oscillators, such as the Lorenz attractor [21]
as periodic or quasi-periodicfunctions. The rescaling func- 5nq Chua’s circuit [22]. Comparatively little attention appears
tion is not knowna priori, k_)ut becomes an unknown func_tlonto have been paid to the dynamics of phenomena like FM-type
that is solved for along with the rest of the system to yield Guasi-periodicity, despite their widespread application.
time-varying local frequency for the oscillator. These concepts 5 previous analytical technique with similarities to our
present approach is the multiple-variable expansion procedure
(e.g., [23], [24]) that relies on asymptotic expansions. This is
Manuscript received April 15, 2001; revised November 14, 2001 and Apiintrinsically a perturbation approach, useful mainly for simple
10, 2002. This paper was recommended by Associate Editor M. Gilli. harmonic oscillators with small nonlinear perturbation terms
O. Narayan is with the Tata Institute of Fundamental Research, Bangal(&rﬁd without external forcing. Another technique somewhat
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1The termquasi-periodids defined in, e.g., [2], [3]. In this paper, we will use duantities from closed-form oscnlatpr differential eq_uat_lons
the looser interpretation mentioned in Section |I. (ODEs). The WaMPDE can be considered a generalization of
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the SVEA; in fact, the SVEA can be derived from the WaMPDE !
by expanding the oscillation time scale in a Fourier basis and
applying approximations.

For the design and verification of practical oscillators, com- 0.5¢
puter simulation is often the only choice as simple closed-form
equations are often unavailable. Unfortunately, simulation of J\f

y(@®)
=)

oscillators using time-stepping differential equation solvers
such as SPICE [25], [26] presents unique difficulties absent
in nonautonomous systems. A fundamental problem is the
intrinsic phase-instability of oscillators, i.e., the absence of a -0.5¢
time reference. As a result, numerical errors grow and phase
error increases unboundedly in the course of numerical ODE
solution, and this problem is exacerbated in large systems of -1 : : : :
equations. For unforced oscillators in periodic steady state, 0 02 °'4t[ﬁme] 06 08 !
boundary-value methods such as shooting [20], [27]-[29], and

harmonic balance [24], [30]-[35] can be used to obtain both thi@. 1. Example of two-tone quasi-periodic signat).

time period and the steady-state solution. Neither shooting nor

harmonic balance can be applied, however, to forced oscillatorConsider the waveformy(¢) shown in Fig. 1, a simple
with FM-quasi-periodic responses, as they require an imprae-tone guasi-periodicsignal given by

tically large number of time steps or variables. In practice,

the separation of the time scales is often reduced artificially(¢) = sin <2_7rt> sin (2_7rt> , Ty =0.02s Tr,=1s
to make the problem tractable, but such ad-hoc approaches T I
can lead to qualitatively misleading results. WaMPDE-based 1)

= 50 Hz and
= 1/T> = 1 Hz, i.e., there are 50 fast-varying sinusoids

numerical methods can efficiently simulate large systems Witho two tones are at frequencigs = 1/71
amplitude and FM in the presence of widely separated sign 2I i
rates and strong nonlinearites. In addition, they alleviate t P periodZ; = 0.02 s modulated by a slowly-varying sinusoid
phase-error-accumulation problem greatly by decoupling t fperiodTg = 1 s. Such multirate waveforms, i.e., with two or
integration of the phase error complet.ely.from the solution g ore “components” varying at widely separated rates, arise in
the rest of the system. Further generalizations of the WaM PdEany situations '
potentially applicable to more complex oscillatory systems, aPéForz (), we Have a compact closed-form representation in
presented in Appendix. yit), P P

the form of (1). However, for most differential-algebraic equa-

Previous efforts to generalize the MPDE to autonomous s S_n (DAE) descriptions of oscillators, it is usually not possible
tems [36] used nonrectangular boundaries in the multiple time . P . o y P
) find closed-form expressions for their waveforms, yet com-

domain to capture frequency variation. This approach is ho L :
ever limited to oscillations that eventually become periodic, amf:ctNess of representation is valuable for both analytical and nu-
cannot, for instance, accommodate FM-quasi-periodicity (sBrical purposes. We will measure compactness of representa-
the Appendix). tion through the numbgr _of samp_les from which thg signal can
The remainder of the paper is organized as follows. SeR€ reconstructed, to within a desired accuracy. This measure is
tion Il contains a discussion of multiple time scales and warp&@t only directly useful for numerical purposes, but because of
time, the use of which to develop the WaMPDE is presentdd links to bandwidth through Shannon’s sampling theorem, is
in Section IIl. In Section IV, numerical methods based oflso valuable for analytical purposes.
the WaMPDE are applied to simulate a VCO and the resultsFory(t) above, the samples need to be spaced closely enough
compared against time-stepping simulation. to represent each rapid undulation accurately. If each fast sinu-
soid is sampled at points, the total number of time steps needed
for one period of the slow modulationig7>/T; ). To generate
Fig. 1, 15 points were used per sinusoid, hence the total number
II. WARPED TIME AND MULTIPLE TIME SCALES of samples was 750. This number can be much larger in applica-
tions where the rates are more widely separated, e.g., separation
In this section, we introduce several preliminary concepts factors of 1000 or more are common in electronic circuits. Also,
order to motivate the steps in Section IIl. We first review whi¥hile the particulay(t) in (1) can be compactly represented in
it is advantageous to use two or more time scales for analyzit§ frequency domain with only two Fourier components, the
quasi-periodic signals, using AM signals for illustration. Thers@Me is not true for, e.g., the product of a sine wave and a square
we show that although FM signals can be quasi-periodic, tH&ve- Hence frequency-domain representations do not, in gen-
multitime approaches that work for AM (or immediate exten@_ral' solve the problem of inefficient representation of multi-rate
sions thereof) do not confer the same advantages. Next, Weqlgnals.
troduce the concept of warped time and show how it can be usethithough this signal is strictly periodic (with period 1s), its significance is
to remedy the situation for FM. We discuss the important issif@t it can be written as(t) = (¢, ), whereg is periodic in each of its ar-
of ambiguities in the concept of local frequency, and show ho%gments [e.g., as in (2)]. We will use the tequasi-periodicthroughout this

) o A . ey per for any such signals, without insisting that the periods lné mutually
to obtain a useful definition that is consistent with intuition. incommensurate (which is the strict definition).
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Fig. 2. Corresponding two-periodic bivariate fof(¥,, ¢ ).

Fig. 3. FM signal.

Now consider a multivariate representationy¢f), obtained

as follows: for the “fast-varying” parts af(t), ¢ is replaced by
a new variable; for the “slowly-varying” parts, byts. The
resulting function, now of two variables, is denotedily, , ¢-)

N . [ 2m . (27
y(t1,t2) = sm<?1t1> &n(Etz) . (2)

Note thatj(t,,t2) is periodic with respect to both andis,
i.e.,g(t1 + 11, to +To) = §(t1,t2). The plot ofy(¢1,t2) on the
rectangle < t; <T1,0 <ty < TyisshowninFig. 2. Because
1 is biperiodic, this plot repeats over the rest of thet, plane.
Note also thag(t1, t2) does not have many undulations, unlike
y(t) in Fig. 1. Hence it can be represented by relatively few
points, which, moreover, do not depend on the relative values o 12 lseconds]
of Iy aanZ' unlikeFig. 1 Fig. 2 we_xs plotted with 225 Sample%ig. 4. ;:unwarped bivariate representation of FM signal.
on a uniform 15« 15 grid—three times fewer than for Fig. 1.

This saving increases with increasing separation of the periods _ -
T, and Ty g g sep P cannot, in general, be represented compactly as in Fig. 2. We

Note further that it is easy to recovet) from g1, ), iIIustr_ate the difficulty with an example. Consider prototypical
simply by settingt; = ¢t5 = t, and using the fact thaj is FM signal
biperiodic. Given any value of, the arguments tg are given (t) = cos(2m fot + k cos(27 fot)), fo>f )
by t; = t mod T;. When the time scales are widely separated,
inspection of the bivariate waveform directly provides informawith instantaneous frequency
tion about the slow and fast variations gft) more naturally )
and conveniently thap(t) itself F(t) = fo = kfosin(2m fot). (4)
.Th.e above discussiorj iIIustratestwo_importantfeaturabel. 2(t) is plotted in Fig. 3 forfo = 1 MHz, f» = 20 KHz, and
bivariate form can require far fewer points to represent NUMefr, - qulation index: — 87 Following the same approach as for

ically than the original quasi-periodic signgyet 2.it contains (1), a bivariate form can be defined to be
all the information needed to recover the original signal com- "’

pletely These concepts are the key to the MPDE approach [&],(¢1,2) = cos(27 fot1 + k cos(27 fata)),

[2] for analyzing nonautonomous systems. The basic notion is to with z(t) = i1 (t,t). (5)

solve directly for the compact multivariate forms of a DAESs so-

lution. To achieve this, the DAE is replaced by a closely-related Note thatz, is periodic int; andt,, hencez(t) is quasi-pe-

PDE called the MPDE. By applying boundary conditions to theodic with frequencies, and f>. Unfortunately,z; (¢4, t2), il-

MPDE and solving it with numerical methods, the multivariatlustrated in Fig. 4, is not a simple surface with only a few undu-

solutions are obtained efficiently. The univariate solution of tHations like Fig. 2. Whek > 27, i.e.,k ~ 27m for some large

original DAE can be easily computed from the multivariate santegerm, thenzi(¢1, t2) will undergo aboutn oscillations as

lution of the MPDE; often, however, information of interest caa function ofty over one periodls. In practice,k is often of

be obtained directly by inspecting the multivariate solution. We order of(fo/f2) > 2w, hence this number of undulations

refer the reader to [2] for further details. can be very large. Therefore, it becomes difficult to represent
When the DAEs under consideration contain autonomoutis efficiently by sampling on a two-dimensional grid. It is also

components, FM quasi-periodicity can be generated. Félear, from Fig. 4, that representing (3) in the frequency domain

0.2
11 [seconds]
0.1
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will require a large number of Fourier coefficients to capture the
undulations.
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multivariate representation (2), the high-frequency component \\\m\“‘%“ W
. : . . . N NN st i
is the inverse offy, the time period along the, (fast) time T, Iiﬂ%ﬁ,{y‘éfll”{r{(';llf’{vgflf,”z;’
iy

I
axis. It is natural to hope, therefore, that FM solutions can be '%«éz’gf&i%ﬂ%
captured by making this time-period change along the slow
time axisto, i.e., changd to a periodic functiorf} (¢;), itself
periodic with periodl;. Unfortunately, it can be shown ([2],
and reproduced here in Appendix) that FM quasi-periodicity in
a DAE cannot be captured by makifig a function oft, .3 It is
easy to see qua“t.atively why this is the C.ase.' Although I:igS'Fizg. 5. ,:warped bivariate representation of FM signal.
and 4 show the signal over only one period in each of the two
time directions, the bivariate form is actually periodic over 110 N ——
the entiret,—t5 plane. However, making the time-periddq a 100
function Ty (¢2) turns the rectangular domajf, 71] x [0, T3]

(of Figs. 2 and 4) into a nonrectangular domain of variable
width (illustrated in Fig. 15 in theappendix). While it is possible

to obtain a periodic function on thg—t, plane by placing

78] 0 o 7,8

920

80

70

60

rectangular boxes side by side to tile the entire plane, itis =
obvious that this cannot be done with boxes of variable width. %
The WaMPDE approach of this work resolves this problem 4
by preserving the rectangular shape of the domain boxes, and 20
bending the path along whicf(¢) is evaluated away from the 20
diagonal, so that its slope changes slowly. Since along the bent
patht, = ¢, butt; is no longer equal te, we refer tot; as a 0 . . R . . . . .

0 0.1 0.2 0.3 0.4 0.6 0.7 08 0.9 1

warped time scale. As mentioned in Section I, this stretches and ol
squeezes the time axis differently at different times to even out ’ ‘ _ _
the period of the fast undulations. Fig. 6. ¢(rz): time warping function.

We illustrate this by returning to (3). Consider the following

new multivariate representation: funct?on for & is ¢(t) = t). More gen(_arally, any warping_
function can be chosen, but at the possible cost of a resulting
Za(71,T2) = cos(27Ty) (6) bivariate representation that is not compact. To find an efficient

bivariate representation, a crucial step in our approach is to

together with the warping function avoid specifying the functior(¢) a priori, but to impose a

$(r2) = fors + icos(27rf27'2). ) smooth “phase” condition instead on the bivariate function, and
2m use this to calculateé. The phase condition can, for instance,
We now retrieve our one-dimensional (1-D) FM signal (i.e., (3Jpquire that the phase of the-variation of the function should
as vary only slowly (or not at all) as, is changed. Alternatively,
a time-domain condition on the bivariate function (or a deriva-
x(t) = Ta2(P(t), t). (8) tive) can be specified. For example, consider the requirement

) ) _ that ther,-derivative along the line; = 0 be a slowly-varying
Note that bothz, and¢, given in (6) and (7), can be easilyf nction of

represented with relatively few samples, unlikg in (5). Z» .
and¢ are plotted in Figs. 5 and 6. Note further tifdt) is the 023(0,0m) _ —2 sin(2n fora) 9)
sum of a linearly increasing term and a periodic term, hence its om
derivative is periodic. This periodic derivative is equal to thgygether with
instantaneous frequency, given in (4)x4t). We will elaborate
further on the significance d®¢/dt) shortly. Z3(¢3(t), 1) = (t) = cos(2m fot + k cos(2m fot)).  (10)

It 'S appare_nt that _the_re 's no unique bivariate form anRs is easily verified, these conditions lead to the following so-
warping function satisfying (8)—for example, two repre;

: . . _lutions for &3 and¢s:
sentationsé; and &, have already been given (the warping 23 andes

3Nevertheless, Brachtendorf [36] has shown that this concept can be used to &3(m1,72) = cos(2mTy + 27 fo7s)

analyze transients in the special case of oscillators that eventually béGome k
periodic. ¢3(t) = fot + o cos(27 fot) — fot. (11)
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Although i3 and¢s are not identical td:; and¢ in (6) and (7), lll. WaMPDE

they retain the desired property of being easy to sample. We consider a nonlinear system modeled using vector

As already noted, whefy, and¢ in (6) and (7) are chosen to DAESs, a description adequate for circuits [37] and many other
be the warped bivariate representation @), the instantaneous applications
frequency in (4) is the derivative g{t). The derivative ofs(t), d
on the other hand, differs from the instantaneous frequency by 7 4@(0) + f(z(t)) = b(2). (12)

the constant-f,. At first sight, this seems to pose a parodoXy the circuit context;z(#) is a vector of node voltages and
different choices of(t) differ in their derivatives; the previous pranch currentsy( ) andy( ) are nonlinear functions describing
discussion has hinted that this derivative is equal to (or relatggh charge/flux and resistive terms, respectiviely) is a vector
to) the instantaneous frequency; hence, how can one say for ¢gfcing term consisting of inputs, usually independent voltage
tain what the frequency is at any given instant? The resolutigp current sources.

to this lies in the fact thadll choices of(t) that resultin com-  We now define thép + 1)-dimensional WaMPDE to be
pact representationsvill differ in their derivatives(9¢)/(0t) P Da(#) 9a(#)

by amounts only of the order of the slow frequengy When Z <wi(7p+1) q\z ) + gur) + f(&) = 13(71, e Tpal)-
the fast frequency is much greater than the slow one, this differ=1 i OTp+1

ence is small compared to the instantaneous frequency in (4), (13)
therefore, the terntocal frequencyfor (9¢)/(0t) is justified. 71....,7, arep warped time scales, whitg, ;1 is an unwarped

The utility of the local frequency is that it is concretely definegme scale. Each warped time variable has an associated fre-
for any FM Signal (pOSSlbly with nonsinusoidal waveforms anauency function; (7—1)4_1)7 which depends onthe unwarped time
varying amplitudes), not just the ideal one of (3), yet retaiRgriable . andb are multivariate functions of the+ 1 time vari-

the essential intuition of FM. The ambiguity @¢)/(0t), of  ables. These quantities represent generalizations of the concepts
order f», is quite reasonable, since the intuitive concept of frgatroduced in Section Il—each warped time corresponds to an
guency is only meaningful to the same order. It should be keptlependent FM mode of the system, while the unwarped one
in mind, of course, that concepts of varying frequency make irepresents a non-FM time scale. It is straightforward to extend
tuitive sense only when the fast and slow time scales are widéh3) to more than one unwarped time scale.

separated. The utility of (13) lies in its special relationship with (12).
ﬁ,pnsider any solution of (13), together with the condition

O =0, 6,00, )= [ wair)ar

The time-warping concept can also be understood in a d
ferent, visual, manner. The difficulty in using of (5) is due
to the fact that changing, by even a small amount results in a

large change in the phase of the outer cosine function, because ] ) (14)
k is large. Thus, the function is the same on all lines parallfjve define the function:(¢) as
to thet; axis, except for a phase that differs substantially for x(t) = 2(P1(t), ..., Pp(t), 1) (15)

even lines that are nearby. The representation problem that W]ign it is easy to show by substitution that) satisfies (12).

causes can be dealt with by sliding these lines up and downl—ignce, if we can find any solution of (13), we have automati-

thet, direction till there is no variation (or slow variation) in theCally found one for the original problem, i.e., (12). As explained

phase from one line to another. This results in changing the regie tion 11, solving the WaMPDE directly for the multivariate
angular domain box of Fig. 2 to a nonrectangular one, but Whogg,ctions can be advantageous.

addition, the straight-line, = ¢, path changes to a curved patfase when there are only two time variables, and the funétion
because of the phase adjustment. The doubly periodic bivarigigised directly in (13)
representation can be obtained by tiling thé- plane with the 0q(3)  0q(#)
curved domain boxes (possible because the width is constant); w@)T +5 =+ f(&(r1,72)) = b(T2). (16)
in fact, after extending the function to the entire plane, it is po&- ! >

sible to redefine the domain box to be a rectangle once agalnqrrespond|ng to (14) and (15), specifying

resulting in Fig. 5. N _ !
The above discussion has summarized our basic strategy for 2(t) = #(9(8), ), #(t) = /0 w(r) dry (27)

representing FM efficiently; it now remains to concretize thesesults inz(t) being a solution to (12).

notions in the framework of an arbitrary dynamical system de- Next, we describe how (16) can be solved to determine

fined by DAEs. This is accomplished in the following section by:(r1, 72) andw(2). We first assume thait(r;, 72) is periodic

the WaMPDE, which is a PDE similar to the MPDE, but with an 7, with period 1

multiplicative factor of(0¢)/(9t) modifying one of the differ- o )
ential terms. By solving the WaMPDE together with the phase (11, 10) = Z Xi(m2)e?' ™. (18)
condition mentioned above, compact representations of the so- i=—00

lutions of autonomous systems can be found by efficient numéke note that ifz (71, ) satisfies (16), then so does fofr; +
ical methods. A, 1), for any A € R—this is simply because (16) is au-
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tonomous in the time scale. We remove this ambiguity in theVhenw(t) is nontrivially 7> periodic,p(t) is also nontrivially
same way as for unforced autonomous systems, i.e., by fixiig periodic. (25) can then readily be recognized to be a fre-
the phase of one of the variables to some valeq., 0. Thisis quency-modulated signal with instantaneous frequen@y.

the phase constraint mentioned in (9). Hence the WaMPDE with periodic solutions can capture not
We expand (16) in 1-D Fourier series+p, and also include only FM signals, but also the more general form of (24).
the phase constraint, to obtain We now show that various special cases/¢f ) correspond

to physical situations of interest. Wher{( - ) is simply some

i (L%m)ﬂiwm)@(’rz) + Fi(ﬁ))@jm: b(rs) (19) constantu,i.e.p'(-) = 0,then the time-domain solution (24)

Pt T2 has no FM, but is AM quasi-periodic with angular frequencies
of ok wo andws. If wy = ws, the response has the same period as the
‘Y{Xl (72)} =0. (20)  external forcing frequency, and the system is mode locked or

entrained. Ifvy is a submultiple ofs,, the period of the response

is a multiple of that of the forcing. This phenomenon, period

multiplication, is not only often designed for (e.g., in frequency

dividing circuits), but is also observed in dynamic systems en

Qi(72) and F(ry) are the Fourier coefficients af(i (1, 72))
andf(i(r, 7)), respectivelyk and! are fixed integersX (75)
denotes théth Fourier coefficient of théth element of;. Here,
k is the index of the variable af on which a phase constraintroute to chaos.

is being _applied. . Next, we indicate how (19) and (20), with periodic boundary
Equations (19) and (20) together form a DAE system whiitions, can be turned into a set of nonlinear equations for

can be solved for isolated solutions. In practice, the Fourier SRimerical solutiof. Equations (19) and (20) is discretized
ries (19) can be trun_catedM) = 2M +1 terms withi restricted at N, points along ther, axis, covering the intervald, T} ).
o —M,..., M.Inthis case, (19) and (20) lead + 1 equa- e gifferentiation operator is replaced by a numerical differ-
tions in t_he same f_‘umb_e_r_Of unknown funcU_o_ns—g)f entiation formula (e.g., backward Euler or trapezoidal), and
Applying periodic or initial boundary conditions to the DAE, 1o, the periodic boundary conditiaki;(0) = X;(T1) is
system (19) anq (20) leads to quasi-periodic or envelope—mgﬂ)-p”ed, a system a¥; (N, + 1) nonlinear algebraic equations
ulated FM solutions. in N;(No + 1) unknowns is obtained. This set of equations
is solved with any numerical method for nonlinear equations,
such as Newton—Raphson or continuation (e.g., [38]), to obtain
Assumeb(t) periodic with periodT> or angular frequency the solution of the WaMPDE. Further, when iterative linear
wy = (2m)/(T>). Also assume that the solution of (16) is pealgebra and factored-matrix methods [5]-[8] are employed,
riodic in both arguments, i.ei,(11, 72) is (1,73) periodic and computation and memory requirements grow almost linearly
w(r2) is Ty periodic.w(72) can then be written as with size, making calculations practical for even large systems.
/ By applying initial conditions rather than periodic boundary
w(r2) = wo +p'(7) (1) conditions, (19) and (20) can be solved for aperiodic
wherew is a constant ang'( - ) is a zero-mearT,-periodic  ({Xi(72)},w(72)). These envelope-modulated solutions

A. Quasi-Periodic and Envelope Solutions

waveform. Using (21) and (17), we obtain can be useful for investigating transient behavior in systems
with FM. To obtain envelope solutions, (19) and (20) are solved
P(t) = wot + p(t) (22)  py time stepping im» using any DAE solution method, starting

from (say)m> = 0. An initial condition ({X;(0)},w(0)) is
R:ecified. For typical applications, a natural initial condition is
e solution of (12) with no forcing, i.e., with(¢) constant. The
procedure for discretizing of the WaMPDE for quasi-periodic
or time-stepping solutions is similar to that for the MPDE;
further details may be found in [2].

wherep(t) is aT»-periodic function.

We motivate these assumptions by showing that such perio
forms for z(-,-) andw( - ) capture FM and AM quasi-period-
icity, mode-locking, and period multiplication.

Expandi(r, 72) in the Fourier series

B(r,m) = Xjpel st (23)

i,k=—00

IV. APPLICATION

. ) o o The VCO in Fig. 7 was simulated using numerical techniques
where the constant¥; , are Fourier coefficients. Substitutinggerived from the WaMPDE. The oscillator consists of L&D

(23) into (17), we obtain tank in parallel with a nonlinear resistor, whose resistance is
oo negative in a region about zero and positive elsewhere. This

p(t)= Y Xjpelilortrt)eiheat, (24) leads to amplitude-stable oscillations. The capacitance was

i,k=—o00 varied by adjusting the physical plate separation of a novel

Consider, for example, the term of (24) with- 1 andk = 0 Micro Electro MechanicalStructure (MEMS) varactor with
a separate control voltage. The damping parameter of the

X ge@ot+P®) = X, | cos(wot + p(t))

+ le_’(] Sin(Wot + p(t)) (25)
5We outline a time-domain method for the axis, leading to a mixed fre-
4or some slow function of.; the selection of a slowly-varying phase condi-quency—time method; purely time-domain or frequency-domain methods are
tion is, in fact, the key to compact numerical representatiofyaf-). equally straightforward.
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mechanical structure (corresponding to the lowda€dilter)

was initially assumed small, corresponding to a near vacuum.
Representative values of the elements in Fig. 7rare 1 k{2,

Cqy = 03 uF, C = 1/(27) pF, C,, = 1/(47) pFIV, and

L = 1/(2m) pH. The nonlinear negative-resistance element’s

current-voltage characteristic was given by Fig. 10. VCO: bivariate representation of capacitor voltage.

00

oscillation (warped) time scale [seconds)] forcing time scale [secor

i=f(v) = (Go — G ) Vi tanh <V

) +Gov  (26)
k

1.5F b

whereGy = —0.1,G, = 0.25, andV}, = 1. 1

An envelope simulation was conducted using purely time-do-
main numerical techniques for both and, axes. The initial
control voltage of 1.5 V resulted in an initial frequency of about
0.75 MHz; Fig. 8 shows the variation of the sinusoidal control-
ling voltage, with time-period 30 times that of the unforced os-
cillator. Fig. 9 shows the resulting change in local frequency, “1F ‘
which varies by a factor of almost 3.

Fig. 10 depicts the bivariate waveform of the capacitor
voltage (i.e., one entry of the vectdfr;, 2), with the warped 2 5 .

71 axis scaled to the oscillator's nominal time-period gid). time [seconds]

It is seen that the controlling voltage changes not only the local

frequency, but also the amplitude and shape of the oscillafd$- 11. VCO: WaMPDE versus transient simulation.
waveform.

The circuit was also simulated by time-stepping numerical The VCO was simulated again after two modifications: the
ODE methods (“transient simulation” in SPICE terminology)damping of the MEMS varactor was increased to correspond to
The waveform from this simulation, together with the 1-D wavean air-filled cavity, and the controlling voltage was varied much
form obtained by applying (15) to Fig. 10, are shown in Fig. 1Inore slowly, i.e., about 1000 times slower than the nominal pe-
The match is so close that it is difficult to tell the two waveriod of the oscillator. The controlling voltage was the same si-
forms apart; however, the thickening of the lines at aboyt$0 nusoid shown in Fig. 8, but with a period of 1 ms. Fig. 12 shows
indicates a deviation of the transient result from the WaMPDiEe new variation in frequency; note the settling behavior and
solution. FM can be observed in the varying density of the utihe smaller change in frequency, both due to the slow dynamics
dulations. of the air-filled varactor.

voltage [V]

x 107



NARAYAN AND ROYCHOWDHURY: ANALYZING OSCILLATORS USING MPDEs 901

P
wn
t1——>

frequency [MHz]

2 —->

Fig. 15. Moving boundaries cannot generate steady-state solutions.

5 os ; s P 25 3 transient simulation with 50 points per cycle builds up signifi-
time [s] x107 cant phase error. This is reduced considerably when 100 points

are taken per cycle, but further along (not shown), the error

accumulates again, reaching many multipleofby the end

of the simulation at 3 ms. In contrast, the WaMPDE achieves
18 : R much tighter control on phase because the phase condition (a
time-domain equivalent of (20)) explicitly prevents build-up
of error. To achieve accuracy comparable to the WaMPDE,
transient simulation required 1000 points per nominal cycle,
with a resulting speed disadvantage of two orders of magnitude.

Fig. 12. Modified VCO: FM.

0.5+

voltage [V]
o
L

V. CONCLUSION

054
- We have presented a multitime equation formulation useful
-1 - for oscillatory systems. The approach generalizes the MPDE
[1], [2] by applying time-warping functions to represent fre-
i ; . quency-modulated signals efficiently. A local frequency vari-
0o os 118 22 ' able appears explicitly in the resulting MPDESs, which we dub
slow time X1 the WaMPDE. The WaMPDE can be used as a starting point
for analysis and simplification of oscillator equations if they are
available in closed form. It can also be applied to obtain numer-
ical methods that provide new capabilities and are more accurate
[\ wameoe and efficient than existing techniques.
| ] Other applications of the WaMPDE, being investigated cur-
, rently, include perturbation and noise analysis of oscillators.
|00 et The concept of warped time has also been expanded to obtain
more general forms of the WaMPDE. It is possible that fur-
ther understanding of complex phenomena in oscillators and
other dynamical systems may result from new applications and
generalizations.

-1 ? -
x10®
fast warped time 5

Fig. 13. Modified VCO: bivariate capacitor voltage.

ODE: 100pts/cycle

voltage [V]

-15 . . . APPENDIX
3 3.01 3.02 _3.03 3.04 3.05 3.06
time {s} x 10 CURVED BOUNDARIES AND FM
Fig. 14. Modified VCO: WaMPDE versus transient (a few cycles at 10% of For simplicity, assume a two-rate state-equation form for the
the full run; phase errors from transient increase later). MPDE of a forced oscillator
or 0% s
Fig. 13 depicts the new bivariate capacitor voltage wave- o o f(@) 4+ b(t1, t2). (27)

form. Note that unlike Fig. 10, the amplitude of the oscillatiorAS

. - . . sume that, is the slow time scald,; is the fast time scale,
changes very little with the forcing. This was corroborated b d thath is independent of: - as is reasonable for a forced oS-
transient simulation, the full results of which are not depicteC llator. Now assFL)Jme that tﬁi,s Svstem can be solved for periodic
due to the density of the fast oscillations. A small section St ' y P

the 1-D waveform, consisting of a few cycles around 0.3 ms,slé)lmIonS on amoving boundary in thedirection, given by the

shown in Fig. 14. The 1-D WaMPDE output of (15) is comparege & functiorl’ (tz), which isT; periodic (see Fig. 15). This

against two runs of direct transient simulation, using 50 arlw%lequwalent to assuming the solution to be in the form
100 points per nominal oscillation period, respectively. It can ty to

be seen that even at an early stage of the simulation, directr(tl’b) =7 (ﬁ To(t1)

) , z1is (1,1) periodic. (28)
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Now expand the partial differentiation terms of (27) using (28)  Proof:

oz 1 o ta t1 (&
o - <T —mm) R
secular term _0q(2(ty = ¢1,... . ta= pa)) Opa(t, ... 1) .
- Z<f_2 7 ) s ) @) o t
2 T27 Tl(tQ) T12(t2) dt2 2 + aq(aj‘(tl = (/)1./...7td = ¢d)) a(/)d(t7t)
O 1 [ty t Ity ot '
— =02, =—— ). (30)
ot1  Ti(t2) <T2 Ty (t2)> This can be written as a matrix-vector product
Note that (29) contains a so-calledcular tern{23], i.e., a term d¢1
that increases linearly with if 7} (¢2) is not a constant. Note ] dq g ot
further that all other terms of (27) are of the form of (28), i.e., q(=(t)) = {%7 ) %} R :
periodic, whereas the secular term increases unboundedly with ' a1, %

t1. Therefore, no solution of the form of (28) can exist, unless
T (t») isindependent o, (i.e., rectangular boundaries). A sim-NoW: €ach component of the vector above can be expanded

ilar argument can be used to establish that even the DAE of #-nd the chain rule as

forced oscillator cannot admit solutions of the tyide, ¢), with Oi(t,....t) O¢p(ri=t,...,Ta=1)
Z in the form (28). This conclusion is also physically reason- (f)f — = aT : +
able, for the secular term would imply that the instantaneous fre- ' Oi (T :lt Ta=1)
quency of the signal grows unboundedly, which is unphysical. AR 8‘/ e d
Td
APPENDIX hence the vector itself is
GENERALIZED WaMPDE FORMS 961
The WaMPDE (13) is a special case of more general MPDE ! _ (9 4o AT (thoo )
forms. In this section, we outline these more general forms. ad:” on 074 T
Let d be an integer number of artificial time scales. Define ot
‘phase functions® as which, using (33), becomes
T $i(ty,. .. ta) Bg’tl
D(ty,...,ta)=| 1 | = : . (31 : :Q(cﬁ(t,..,t)).
T, t1,...,1t [elo2}
d P1(te, - ta) L
Also define “local frequency” functiong to be Hence, we have
A Ga(ms-oma) i) = |5 5 (8(t,....1)
Q(r1,...,7q) = . (32 oty Mallg,..
@1(71,--.,7a) which is simply the first term of (34) evaluated(@t, . . . , 24) =

®(t,...,t). Hence, using (34), we have

G(x(t) = = f(&(DB(L, ..., 1))+ b(E(D(t, ... ,1))

Let & and(2 be related by

7] 0\ : A a
(8—t1 ot am) Ot ta) = U(t,- . a)). (33) = — f(x(t)) + b(t)
Note that (33) is a nonlinear PDE, akin to an ODE (as oppos¥{fich proves the assertion. u
to a DAE) in the sense that the left-hand side is the differentia-
tion of the unknown vecto®. This relation is a generalization ACKNOWLEDGMENT
phase to the local-frequency relationship (14). The authors are grateful to the third anonymous reviewer for
Based on the above, we define a general MPDE form for (12khorough examination of the manuscript and detailed sugges-
to be tions for its improvement.
A 0 0 .
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